Extreme mass ratio inspirals (EMRIs), the inspirals of compact objects into supermassive black holes, are important gravitational wave sources for the Laser Interferometer Space Antenna (LISA). We study the performance of various post-Newtonian (PN) template families relative to the waveforms that are high-precision numerical solutions of the Teukolsky equation in the context of EMRI parameter estimation with LISA. Expressions for the time-domain waveforms TaylorT1, TaylorT2, TaylorT3, TaylorT4 and TaylorEt are derived up to 22PN order, i.e O(v 44 ) (v is the characteristic velocity of the binary) beyond the Newtonian term, for a test particle in a circular orbit around a Schwarzschild black hole. The phase difference between the above 22PN waveform families and numerical waveforms are evaluated during two-year inspirals for two prototypical EMRI systems with mass ratios 10 −4 and 10 −5 . We find that the dephases (in radians) for TaylorT1 and TaylorT2, respectively, are about 10 −9 (10 −2 ) and 10 −9 (10 −3 ) for mass ratio 10 −4 (10 −5 ). This suggests that using 22PN TaylorT1 or TaylorT2 waveforms for parameter estimation of EMRIs will result in accuracies comparable to numerical waveform accuracy for most of the LISA parameter space. On the other hand, from the dephase results, we find that TaylorT3, TaylorT4 and TaylorEt fare relatively poorly as one approaches the last stable orbit. This implies that, as for comparable mass binaries using the 3.5PN phase of waveforms, the 22PN TaylorT3 and TaylorEt approximants do not perform well enough for the EMRIs. The reason underlying the poor performance of TaylorT3, TaylorT4 and TaylorEt relative to TaylorT1 and TaylorT2 is finally examined.
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I. INTRODUCTION
The inspiral of a stellar-mass compact object into a supermassive black hole (SMBH) is one of the most promising gravitational wave (GW) sources for space-based detectors such as eLISA. 1 The compact object typically has a mass of the order of a few solar masses while the SMBHs detectable by eLISA are in the mass range 10 5 M ⊙ − 10 7 M ⊙ . As the mass ratio for these binaries is typically around 10 5 , these systems are called extreme mass ratio inspirals (EMRIs). Gravitational waves from EMRIs can provide information about the parameters of the central black hole such as its spin, mass and details of its stellar surroundings while also facilitating strong field tests of general relativity (GR) [1] [2] [3] .
However, the gravitational wave signal is buried in a background of noise and the signal needs to be extracted using data analysis techniques such as matched filtering. Matched filtering requires accurate templates of the gravitational waveform. For eLISA EMRI parameter estimation, the GW phase errors of the template with respect to the true signal should be less than 10 milliradians [4] . Considering eLISA is expected to detect 10-1000 EMRIs during its mission [5] [6] [7] , the search for accurate waveforms for these systems is justified.
Post-Newtonian (PN) theory provides a method to predict the gravitational waveform for the early phase of inspiraling compact binaries [8] . However, since the PN approximation breaks down near the last stable orbit (LSO), numerical relativity (NR) waveforms are required beyond this point. Nevertheless, PN waveforms in the early inspiral phase are required to calibrate the NR waveforms because the computational cost for NR is very high. PN waveforms can be matched with the NR waveforms in the late inspiral and the subsequent merger and ringdown phases [9, 10] to provide a cheaper alternative to using NR for the complete inspiral. PN waveforms for nonspinning comparable mass binaries in quasicircular orbits are known up to 3.5PN order beyond the Newtonian term [11] [12] [13] . Within the post-Newtonian formalism, several nonequivalent template families such as TaylorT1, TaylorT2, TaylorT3, TaylorT4, TaylorEt and TaylorF2, among others, are possible. These 3.5PN template families were discussed extensively in Ref. [11] . It is found that for M < 12 M ⊙ ,where M is the total mass of the binary, these 3.5PN template families except for TaylorT3 and TaylorEt are equally good for the detection of gravitational waves using ground-based detectors.
The mass ratio for EMRIs is very small, 10 −4 − 10 −7 , and one can apply black hole perturbation theory to compute the gravitational wave emission using the mass ratio as an expansion parameter [14] . Using black hole perturbation theory, one can go to a much higher order of PN iteration for gravitational waves than for compara-ble masses using standard PN theory. Recently, 22PN waveforms have been calculated for a test particle in a circular orbit around a Schwarzschild black hole [15] by solving the Teukolsky equation [16] , which is a fundamental equation of the black hole perturbation theory. It is shown that the 22PN gravitational waveforms achieve data analysis accuracies comparable to waveforms resulting from high-precision numerical solutions of the Teukolsky equation.
2 In this paper we extend this study by calculating the different template families mentioned above up to 22PN order using the 22PN energy flux derived in Ref. [15] . We then investigate the performance of these Taylor approximants by evaluating the phase difference between these approximants and the waveforms that are high-precision numerical solutions of the Teukolsky equation in Refs. [22, 23] over a two-year inspiral for two systems, one in the early inspiral phase and the other in the late inspiral phase of the eLISA frequency band. We find that TaylorT1 (which was also investigated in Ref. [15] ) and TaylorT2 provide the best matches to numerical waveforms while the phase difference increases by a few orders of magnitude for TaylorT3, TaylorT4 and TaylorEt. These investigations extend the results for comparable mass binaries in Ref. [11] that TaylorT3 and TaylorEt approximants are considerably different from the others and perform relatively poorly. We also discuss why the performance of TaylorT3, TaylorT4 and TaylorEt in the test particle limit becomes worse than the others. This may provide insights which should be kept in mind when one constructs new PN template families. This paper is organized as follows. In Sec. II we discuss the various template families along with the relevant initial conditions and calculate these approximants upto 22PN order. In Sec. III we evaluate the dephase between these different PN waveform approximants and a fiducial waveform that is a high-precision numerical solution of the Teukolsky equation during two-year inspirals. In Sec. IV we summarize our main conclusions. Since the 22PN Taylor approximants are too large to be shown in this paper, we only show them up to 4.5PN order. The 22PN expressions for the approximants will be publicly available online [24] . Throughout this paper we use units c = G = 1.
2 The Teukolsky equation is a first-order perturbation equation, in which the particle moves on geodesics of the black hole. Over time scales of the inverse of the mass ratio, the orbit deviates from the geodesic because of the gravitational self-force [17, 18] . Using numerical results for the full relativistic first-order gravitational self-force in Ref. [19] , the dephase due to the gravitational self-force is estimated as a few radians [20, 21] . Thus, the gravitational self-force should be taken into account in the future.
II. THE POST-NEWTONIAN APPROXIMANTS
Post-Newtonian approximation treats the early stages of adiabatic inspiral of compact binaries as a perturbative model and expresses a binding energy, E(v) and a flux, F (v) associated with the gravitational wave as a power series in v, where v = (πM F ) 1/3 is the characteristic velocity, M is the total mass and F is the gravitational wave frequency of the binary. Here, adiabatic inspiral implies that the inspiral time scale is much larger than the orbital time scale. For restricted waveforms, 3 under the adiabatic approximation, the standard energy balance equation, dE tot /dt = −F gives us the following pair of coupled differential equations for the orbital phasing formula [11] [12] [13] :
Here, E ′ (v) is the derivative of the binding energy with respect to the characteristic velocity, v. The binding energy, E is related to the total energy, E tot by
The phasing formula can also be expressed in the following equivalent parametric form, where t ref and φ ref are integration constants and v ref is an arbitrary reference velocity:
Recently, the 22PN order energy flux for EMRIs has been calculated [15] . For the extreme mass ratio binaries, E(v) is known exactly, see e.g. Ref. [25] , and can be expanded and truncated to any required PN order. 4 We present for the convenience of the reader, expressions for 4PN E(v) and 4.5PN F (v) that are inputs needed to derive the 4.5PN results displayed explicitly in later sections for brevity of presentation. In these expressions, m 1 and m 2 are the masses of the test particle and the SMBH, respectively, M = m 1 + m 2 is the total mass, ν = m 1 m 2 /M 2 is the symmetric mass ratio and γ = 0.577216... is the Euler constant. Approximate waveforms are obtained by inserting the expressions for E(v) and F (v) at consistent PN order into the phasing formula -these waveforms are referred to as Taylor approximants. There are several ways of inserting these expressions into the phasing formula leading to different approximants such as TaylorT1, TaylorT4, TaylorT2, TaylorT3, TaylorEt and TaylorF2 [11] . We have calculated these approximants up to 22PN order for the EMRI case. We shall now discuss these approximants while presenting our results up to 4.5PN. The method for calculating the phase of the gravitational waveform is left for the next section. The complete 22PN expressions will be available online [24] .
A. TaylorT1
The TaylorT1 approximant is obtained by using the expressions for binding energy, E(v), and flux, F (v), as they appear in Eqs. (2.3) and (2.4) in the phasing formula, Eq. (2.1), and solving the resulting equations involving the rational polynomial F (v)/E ′ (v) numerically:
In the above equations v ≡ v (T1) , but for simplicity we omit the superscript. The expressions for E(v) and F (v) are to be truncated to consistent PN order to obtain the approximant of that order. This is followed for all the approximants in this section.
B. TaylorT4
TaylorT4 goes one step further than TaylorT1 by expanding the rational polynomial F (v)/E ′ (v) and truncating it to the required PN order [26] . The characteristic velocity, Similarly to TaylorT1, Eq. (2.1a) gives the evolution of the orbital phase for TaylorT4.
C. TaylorT2
TaylorT2 uses the parametric form of the phasing formula, Eq. (2.2). The ratio E ′ (v)/F (v) is expanded and truncated to the required PN order. Upon integration we obtain the following equations for φ(v) and t(v) at 4.5PN order: To get the TaylorT3 approximant, the expression for t(v) generated in TaylorT2 is inverted to get v(t). This is then used to obtain φ(t) ≡ φ(v(t)). The TaylorT3 also gives the instantaneous gravitational wave frequency F by 
E. TaylorEt
TaylorEt is expressed as a power series of a new function, ζ = −2E/ν [27] . Equation (2.3) for E(v) can be expressed in terms of x = v 2 to get ζ(x). This is then inverted to obtain x(ζ): As in the case of TaylorT3, we can find F 0 , given v 0 . Noting that F ≡ dφ/(πdt), initial conditions for TaylorEt can be set up by solving Eq. (2.11a) for ζ 0 by setting the left-hand side to πF 0 .
F. TaylorF2
TaylorF2 is a Fourier-domain approximant based on the stationary phase approximation (SPA). Under the SPA, the waveform in the Fourier domain is expressed as 12) where t f is the saddle point, defined by solving for t when dψ f (t)/dt = 0, i.e the time t f when the gravitational wave frequency F (t) becomes equal to the Fourier variable, f . In the adiabatic approximation [where Eqs. (2.2a) and (2.2b) hold], the values of t f and ψ f (t f ) are given by where t c and φ c can be chosen arbitrarily and v = (πM f ) 1/3 . The behavior of TaylorF2 has already been investigated up to 3.5PN order for comparable mass binaries [11] [12] [13] . One must keep in mind that the stationary phase approximation, on which TaylorF2 is based, is valid only up to 4.5PN order [28, 29] . Thus, beyond 4.5PN the Fourier transform of the waveform has correction terms for the stationary phase approximation to the Fourier transform in Eq. (2.12). However, as a start, in this paper, we have obtained the TaylorF2 approximant up to 22PN order by assuming Eq. (2.12) is valid even beyond 4.5PN. Further studies, computing terms beyond the leading [11] [12] [13] are needed to look for a good frequency-domain approximant at higher PN orders and will be investigated in the future.
III. COMPARISON WITH HIGH-PRECISION NUMERICAL SOLUTIONS OF THE TEUKOLSKY EQUATION
To investigate the behavior of different analytical PN families described in Sec. II we calculate the phase of the gravitational wave signal during a two-year quasicircular inspiral of two systems of binaries called System-I and System-II as considered in Refs. [15, [30] [31] [32] . We compare this phase with the phase calculated using waveforms that are high-precision numerical solutions of the Teukolsky equation, the difference between these phases is called the dephase. System-I has masses (m 1 , m 2 ) = (10, 10 5 )M ⊙ with m 1 /m 2 = 10 −4 ; it inspirals from r in ≃ 29M to r fin ≃ 16M during a twoyear period, with gravitational wave frequencies in the range f GW ∈ [4 × 10 −3 , 10 −2 ]Hz. System-II has masses (m 1 , m 2 ) = (10, 10 6 )M ⊙ with m 1 /m 2 = 10 −5 ; it inspirals from r in ≃ 11M to r fin ≃ 6M (LSO) during a twoyear period, with gravitational wave frequencies in the range f GW ∈ [1.8 × 10 −3 , 4.4 × 10 −3 ]Hz. In the frequency band of eLISA, System-I corresponds to the early inspiral phase of an EMRI, while System-II corresponds to the late inspiral phase. Note that the phases shown in the figures of this section are gravitational wave phases which are twice the orbital phases.
Matched filtering can give signal-to-noise ratios (SNRs) of up to ρ ∼ 100 [33, 34] for the strongest EMRI signals detectable by eLISA. This means eLISA can detect phases up to an accuracy of order 1/ρ ∼ 10 milliradians [4] . Therefore, while considering the dephase results of this paper, we expect PN waveforms to have accuracies comparable to those provided by numerical waveforms if the dephase is less than 10 −2 radians. The numerical waveforms we use are based on those in Refs. [22, 23] , which solve the Teukolsky equation. The truncation of the l mode limits the accuracy of the numerical calculations. We use the same data generated for Ref. [15] , which is based on l = 25 calculations and gives relative error better than 10 −14 up to the LSO.
A. Dephase between TaylorT1 and numerical results
The dephase between TaylorT1 and numerical waveforms (cf. Fig. 1 ) was shown in Ref. [15] . We present the results here for comparison. 5PN, 10PN, 14PN, 18PN and 22PN respectively. It is also suggested in Ref. [15] that using 22PN TaylorT1 waveforms for EMRIs will result in accuracy of data analysis comparable to those resulting from highprecision numerical waveforms as the dephase is less than 10 −2 radians for most of the parameter space of eLISA. We also note that 10PN TaylorT1 waveforms may be comparable in accuracy of data analysis to numerical waveforms for System-I.
We now extend this study by investigating the behavior of other PN Taylor families by evaluating their dephases during the same inspiral.
B. Dephase between TaylorT4 and numerical results
The calculation of phase of TaylorT4 is very similar to that of TaylorT1 and numerical waveforms. We use the relation 10PN, 14PN, 18PN and 22PN respectively. This suggests that 14PN or higher-order TaylorT4 waveforms are comparable in accuracy of data analysis to numerical waveforms for the early inspiral phase (System-I) but the accuracy is low for the late inspiral phase (System-II), particularly, near the LSO.
By comparing with Fig. 1 , we see that the dephase for TaylorT4 is a few orders of magnitude worse than that for TaylorT1. This can be explained as follows. In the test particle limit, dE/dv, given by
goes to zero as one approaches the LSO at v = 1/ √ 6. Therefore the series expansion of (dE/dv) −1 converges very slowly around the LSO. Noting that TaylorT1 and TaylorT4 differ in whether or not the series expansion of (dE/dv) −1 is performed in obtaining dv/dt, one can expect that TaylorT1 will be more accurate than TaylorT4 near the LSO. This suggests that factorization to avoid a pole at the LSO leads to improvement in the accuracy of dv/dt. We note that in Refs. [35, 36] factorization is performed for the energy flux, F (v) to deal with a pole at the light ring, v = 1/ √ 3. Thus, one may also have to factorize the pole at the light ring when considering the case beyond the LSO.
C. Dephase between TaylorT2 and numerical results
TaylorT2 expresses the orbital phase, φ(v) and the time, t(v) as functions of v. For a given time T , we solve the equation T − t(v) = 0 to get the velocity, v(T ). Given the velocity one can compute the phase as
The dephase results are shown in Figs. 2(c) and 2(d). For System-I (II), the absolute values of the dephasing between the TaylorT2 waveforms and the numerical waveforms after the two-year inspiral are about 9×10 1 (10 4 ), 4×10 −2 (6×10 2 ), 5×10 −6 (5), 5×10 −9 (10 −2 ) and 10 −9 (8×10 −4 ) radians for 5.5PN, 10PN, 14PN, 18PN and 22PN respectively. Therefore for TaylorT2, 10PN (18PN) waveforms may provide accuracies comparable to those provided by numerical waveforms for System-I (System-II).
As can be seen by comparing with Fig. 1 , the dephase of TaylorT2 is comparable or lesser than TaylorT1 during the inspirals. However, one needs to keep in mind that for calculating the phase from the TaylorT2 approximant, a pair of transcendental equations needs to be solved, which can be very time consuming and expensive. (10 −9 ) radians, which falls below the lowest value of dephase shown in Fig. 2(c) . If the dephase is less than 10 milliradians, the PN waveforms will provide data analysis accuracies comparable to those provided by the numerical waveforms. Therefore we expect that 18PN waveforms for TaylorT2 are comparable in accuracy of data analysis to numerical waveforms for most of the EMRI parameter space of eLISA. 14PN and 18PN waveforms are required for TaylorT4 and TaylorEt respectively, to be comparable to numerical waveforms even in the early inspiral phase (System-I). The accuracy of TaylorT4 and TaylorEt for System-II (which goes up to the LSO) is not comparable to numerical waveform accuracy.
D. Dephase between TaylorEt and numerical results
TaylorEt expresses dφ/dt and dζ/dt as power-series expansions of ζ = −2E/ν. For a given time T , we solve the
1/(dζ/dt) dζ = 0 to get ζ(T ), where ζ 0 and ζ(T ) are the values of ζ at t = 0 and time T , respectively.
The phase can now be evaluated as 5PN, 10PN, 14PN,  18PN and 22PN respectively. This suggests that 18PN and 22PN TaylorEt waveforms are comparable in accuracy of data analysis to numerical waveforms for the early inspiral phase (System-I) of eLISA frequency band but the accuracy is low for the late inspiral phase (System-II).
As in the case of TaylorT4 in Sec. III B, the reason that the performance of TaylorEt is much worse than that of TaylorT1 can be related to the poor convergence of the series expansion of (dE/dv) −1 or dv/dt around the LSO. Solving ζ = −2E/ν iteratively, 6 the new variable ζ in TaylorEt can be related to v as in Eq. (2.9). One can also derive the same relation using v(ζ) = (dζ
, we see that the integrand of v(ζ) contains a pole at the LSO. Then, one may expect that v as a series expansion in terms of ζ does not converge very well around the LSO. Hence functions of ζ in TaylorEt, which are computed by using a series expansion of v(ζ), will not converge well.
E. Dephase between TaylorT3 and numerical results
TaylorT3 gives the orbital phase, φ(t), and the instantaneous gravitational wave frequency, F (t), as functions of θ(t), which is a function of time. For any given time t, we can find the phase as φ(t) = φ(θ(t)). 5PN, 10PN, 14PN, 18PN and 22PN respectively. Therefore we see that 22PN TaylorT3 waveform is required to get data analysis accuracies comparable to numerical waveform accuracy for System-I. Absolute value of the dephase between TaylorT3 PN waveforms and numerical waveforms during two-year inspirals for System-I as a function of time in months. TaylorT3 is found to behave poorly for System-II as it goes up to the last stable orbit (LSO). We expect that 22PN TaylorT3 waveforms are required to get data analysis accuracies comparable to those provided by numerical waveforms for System-I.
The TaylorT3 approximant is not accurate in the case of System-II as it goes up to the LSO (v = 1/ √ 6). Even for System-I we find the dephase is a few orders of magnitude higher than that for TaylorT1. One also finds that the value of F (T3) (t) becomes very large for θ(t) ≥ 0.67, and for System-II one cannot find a t ref consistent with the one derived for TaylorT2. The reason for this is again similar to the reason for the poor behavior of TaylorT4 as compared to TaylorT1. In the TaylorT3 approximation, one derives v(t) as a series of t, i.e. θ, by iteratively inverting t(v) in TaylorT2. v(t) as a series of t can also be derived using v(t) = (dv/dt ′ ) dt ′ . Since the integrand of v(t), dv/dt, has a pole at LSO, one will expect that v(t) as a series of t does not converge well around LSO. Thus, functions of θ in TaylorT3, computed using v(t) in a series of t, will not converge well.
IV. CONCLUSIONS
Using the 22PN expression for flux, F (v), derived in Ref. [15] , we calculated the TaylorT1, TaylorT2, TaylorT3, TaylorT4 and TaylorEt approximants up to 22PN order for a test particle in a circular orbit around a Schwarzschild black hole. We evaluated the performance of the PN waveforms by calculating the gravitational wave phase predicted for two EMRI systems, System-I (m 1 /m 2 = 10 −4 ) and System-II (m 1 /m 2 = 10 −5 ) during two-year inspirals. System-I (System-II) corresponds to the early (late) inspiral phase of the eLISA frequency band. The phase predicted by PN waveforms is compared with the phase predicted by waveforms resulting from high-precision numerical solutions of the Teukolsky equation for the same inspirals. For accurate eLISA EMRI parameter estimation with these PN waveforms, we need the difference of the phases, the dephase, to be less than 10 −2 radians [4] .
We found that the dephase between the 22PN waveforms and numerical waveforms after a two-year inspiral for System-II is smaller than 10 −2 and 10 −3 radians for TaylorT1 and TaylorT2 respectively. Therefore we expect that these 22PN waveforms can be used to attain data analysis accuracies comparable to those provided by high-precision numerical waveforms for most of the parameter space of EMRIs. Moreover, for the early inspiral phase, 10PN waveforms for TaylorT1 and TaylorT2 may be used for data analysis.
However, the dephase of TaylorT4, TaylorEt and TaylorT3 waveforms goes to values higher than 10 2 radians for System-II. This suggests that these approximants cannot be used for data analysis of late inspirals. We note that our results reinforce investigations in Ref. [11] that TaylorEt and TaylorT3 are recommended not to be used for data analysis of comparable mass binaries.
For System-I we found that 14PN or higher PN order waveforms are required for TaylorT4, TaylorEt and TaylorT3 to achieve comparable results in data analysis to using high-precision numerical waveforms even in the early inspiral phase. We also found that the reason the dephases of TaylorT4, TaylorEt and TaylorT3 waveforms are much larger than those of TaylorT1 and TaylorT2 may be related to the fact that (dE/dv) −1 has a pole at the LSO. This suggests that when constructing templates for coalescing compact binaries, approximants avoiding the pole at the LSO arising from the energy function by factorizing it as in TaylorT1, or those introducing a new variable which cancels the pole may perform better. We hope that these studies also provide insights to construct more efficient templates for coalescing compact binaries in the comparable mass case. Lastly, the analytical expressions for the various approximants could also be useful for studies related to the ground-based detectors.
